Abstract: A review of literature reveals that bending analysis of laminated composite sti ened hypar shells with cutout have not received due attention. Being a doubly ruled surface, a skewed hypar shell ful ls aesthetic as well as ease of casting requirements. Further, this shell allows entry of north light making it suitable as civil engineering roo ng units. Hypar shell with cutout subjected to uniformly distributed load exhibits improved performances with sti eners. Hence relative performances of antisymmetric angle-ply laminated composite sti ened hypar shells in terms of displacements and stress resultants are studied in this paper under static loading. A curved quadratic isoparametric eight noded element and three noded beam elements are used to model the shell surface and the sti eners respectively. Results obtained from the present study are compared with established ones to check the correctness of the present approach. A number of additional problems of antisymmetric angle-ply laminated composite sti ened hypar shells are solved for variousbre orientations, number of layers and boundary conditions. Results are interpreted from practical application standpoints and ndings important for a designer to decide on the shell combination among a number of possible options are highlighted.
Introduction
Hypar shells are used in civil engineering industry to cover large column free areas such as in stadiums, airports and shopping malls. Being a doubly curved and doubly ruled surface, it satis es aesthetic as well as ease of casting requirements of the industry. Moreover, hypar shell allows entry of daylight and natural air which is preferred in food processing and medicine units. Cutout is sometimes necessary in roof structure to allow entry of light, to provide accessibility of other parts of the structure, for venting and at times to alter the resonant frequency. Shell structure that are normally thin walled, when provided with cutout, exhibits improved performances with sti eners. To use these doubly curved, doubly ruled surfaces e ciently, the behavior of these forms under bending are required to be understood comprehensively. The use of laminated composites to fabricate shells is preferred to civil engineers from second half of the last century. The reasons are high strength/sti ness to weight ratio, low cost of fabrication and better durability. Moreover, the sti ness of laminated composites can be altered by varying the ber orientations and lamina thicknesses which gives designer exibility. As a result, laminated shells are found more cost e ective compared to the isotropic ones as application of laminated composites to fabricate shells reduces their mass induced seismic forces and foundation costs.
A thorough scrutiny of available literature on the bending behavior of laminated composite hypar shells with a cutout reveals that no study has been reported so far on this aspect. Sanders Jr. [1] and Ghosh and Bandyopadhyay [2] have considered the bending of isotropic shells with a cutout. The static behavior of a cylindrical composite panel in presence of cutouts has been reported using a geometrically non-linear theory [3] while the free vibration of cylindrical panel with square cutout has been studied based on nite element method [4] . The axisymmetric free vibration of isotropic shallow spherical shell with circular cutout has also been analyzed [5] . Madenci and Barut [6] studied buckling of composite panels in presence of cutouts. Non-linear post-buckling analysis of composite cylindrical panels with central circular cutouts but having no sti eners was studied by Noor et al. [7] to consider the e ect of edge shortening as well as uniform temperature change. Later Sai Ram and Babu [8, 9] investigated the bending behavior of axisymmetric composite spherical shell both punctured and un-punctured using thenite element method based on a higher order theory. Qatu et al. [10] reviewed the recent research studies on the static and buckling / post-buckling behavior of composite shells. Qatu et al. [11] reviewed the work done on the vibration aspects of composite shells between 2000-2009 and observed that most of the researchers dealt with closed cylindrical shells. Other shell geometries are also receiving considerable attention. Recently, considered nite element formulation for shell analysis using higher order zigzag theory. Vibration analysis of spherical shells and panels both shallow and deep has also been reported for di erent boundary conditions [16] [17] [18] [19] . A complete and general view on mathematical modeling of laminated composite shells using higher order formulations has been provided in recent literature [20] [21] [22] . However, the bending behavior of antisymmetric angle-ply laminated composite sti ened hypar shell with cutout for various boundary conditions is scanty in the literature. Hence the objective of the present paper is to provide detailed information on bending behavior of these shell forms to evolve meaningful engineering design guidelines regarding choice of a particular shell option when a designer has to decide one among many such combinations. Since the overall suitability of a shell form can be concluded to some extent by giving due importance to static behavior, the present study takes a comprehensive approach to the problem.
Mathematical Formulation . Finite element formulation
A laminated composite hypar shell with cutout is shown in Figure 1 . Di erentiating the surface equation of shell in the form z = f (x, y) yields the radius of cross curvature Rxy and for shallow shells considered in the present study the same is expressed as Rxy = d z dxdy . An eight noded-curved quadratic isoparametric element (Figure 2) is used for the analysis of hypar shell. The ve degrees of freedom taken into consideration at each node are u, v, w, α, β. The relations between the displacement at any point with respect to the co-ordinates ξ and η and the nodal degrees of freedom are expressed as:
In the isoparametric formulation the element geometry is also de ned by the same shape functions, i.e.,
Here the shape functions are derived from a cubic interpolation polynomial and are given as:
The cubical shape functions [N] adopted in the present study is same as those reported elsewhere [23] . The constitutive equations for the shell are given by (a list of notations is provided separately):
where {F} = {Nx Ny Nxy Mx My Mxy Qx Qy} ( Figure ) and {ε} = ε x ε y γ xy kx ky kxy γ xz γ yz T .
The laminate constitutive matrix [D] and the nite element formulation for sti eners used in the present study are adopted from Ref. [23] . The strain vector is related to the nodal values of element degree of freedoms by the strain displacement matrix [B] . The strain displacement matrix [B] is also adopted from Ref. [23] . The strain-displacement relation is given by
where
Improved rst order approximation theory for thin shell is used to establish the strain-displacement relations and the same are given as:
{εx εy γxy γxz γyz} where
In the above expression, the rst vector denotes the midsurface strain for a hypar shell and the second vector denotes the curvature. The element sti ness matrix is
The two-dimensional integral is then converted to isoparametric coordinates and is evaluated by 2x2 Gaussquadrature. This is because the shape functions are derived from a cubic interpolation polynomial and a polynomial of degree 2n-1 is integrated exactly by n point Gauss quadrature.
. . Finite Element Formulation for Sti ener of the Shell
The sti eners are modeled using three noded curved isoparametric beam elements which are considered to run only along the boundaries of the shell elements. The shape functions of these beam elements for x and y directional sti eners (shown in Figure 2 ) are as follows: For x-sti eners:
For y-sti eners:
In the sti ener element, each node has four degrees of freedom i.e. usx, wsx, αsx and βsx for x-sti ener and usy, wsy, αsy and βsy for y-sti ener. The displacement eld at any point can be expressed in terms of nodal displacements as follows:
where 
The integrals are then converted to isoparametric coordinates and are evaluated by 2 point Gaussian quadrature.
. . Solution Procedure
Finally, appropriate matching of the nodes of the sti ener and shell elements through the connectivity matrix yields the element sti ness matrix of the sti ened shell and the same is given as: The global sti ness matrices are obtained by assembling the element sti ness matrices. The global load vector {P} is formed by incorporating the magnitude of the transverse point load corresponding to the appropriate degree of freedom at the node where it is applied. The basic static problem takes the form:
where [K] is the overall sti ness matrix, {d} and {P} are generalized displacement and load vectors, respectively. After imposing the boundary conditions, the Gauss elimination technique is used to solve the above equation that yields the global nodal displacement vector {d}. Hence the element displacement vectors {de} are known. Using {de} in Equation (5) the strains can be evaluated at the Gauss points, which when used in Equation (4) the generalized force and moment resultants are obtained at the Gauss points. Extrapolation of these values yields the nodal values.
. Modeling the cutout
The code developed has the provision to incorporate the position and size of cutout as input. The program is capable of generating non uniform nite element mesh all over the shell surface. So the element size is gradually decreased near the cutout margins. One such typical nonuniform mesh arrangement is shown in Figure 4 .
Numerical Problems
To establish the correctness of the static formulations of the nite element code proposed in this paper, for the [26] and also by using structural packages NASTRAN, STRUDL. Static displacements of simply supported plates are evaluated using the present formulation and a comparison of central displacements obtained by di erent methods is presented in Table 1 . The material and geometric properties of the plates are presented with the table as footnote. In order to solve a plate problem with the present formulation, the corner rise of the hypar (c) is made zero. Present composite shell formulation is used for the isotropic material by making the elastic and shear modulii equal in all directions.
To validate the cutout formulation of the present code, the authors solve additional problem as benchmark. The second problem was solved earlier by Chakravorty et al. [27] and deals with free vibration of hypar shell with cutouts having simply supported and clamped boundary conditions. The relevant parameters are furnished with Table 2 showing the correctness of the cutout formulation. The nite element mesh is re ned in steps and a particular grid is chosen to obtain the fundamental frequency when the result does not improve by more than one percent on further re ning. Convergence of results is ensured in all the problems taken up here.
Apart from the benchmark problems, the authors solve additional problems of static responses of graphiteepoxy multilayered composite hypar shells. Antisymmetric angle ply stacking sequences and di erent boundary conditions ( Figure 5 ) are considered. The non-dimensional values of static displacements, static stress resultants of di erent shell combinations are presented systematically in Table 3 to Table 15 . The material and geometric properties of the hypar shells for additional problems are con- 
Results and Discussion
. Benchmark problems Table 1 and Table 2 show very good agreement of the present results with the established ones and this validate the static formulation of sti ened hypar shell with cutout. Table 2 also shows the convergence of fundamental frequencies with increasingly ner mesh and an 10×10 division is taken up for further study since the values do not improve by more than 1% on further re ning. Close agreement of present results with benchmark ones establishes the fact that the nite element model proposed here is capable of analyzing static problems of sti ened skewed hypar composite shells with cutout.
. Additional problems
Non-dimensional static displacements and stress resultants of composite sti ened hypar shell with cutouts are presented in Table 3 to Table 15 for di erent antisymmetric angle ply stacking sequences of graphite-epoxy composite with six di erent boundary conditions. Orthotropic shells 
• ) are also included to study the variation of de ection and stress resultants with change in lamination angle. Governing static force and moment resultants (including the de ection, in-plane forces and bending moments which govern the shell thickness) are presented. Performances of the shell combinations in terms of their stress resultants are ranked from 1 to 6. For ranking, only the antisymmetric angle ply stacking sequences are considered. The rst rank is given to the shell combination showing least static stress resultant value. Such ranks are very helpful to understand the relative behavior of shell options comprehensively.
. . E ect of boundary conditions on relative performance of composite sti ened hypar shells with cutouts
Close observation in terms of static de ections from Table  3 reveal that Group III shells show lower values when compared to Group I shells for any given lamination. This is quite obvious as in Group I boundary condition, increased number of boundary restraints restrict its possible movements along the boundaries and makes the shell sti er compared to Group II ones which in turn exhibit lesser deections than Group III shell, where more number of support degrees of freedom are released. But it is further noted from Table 3 that when a free edge is introduced into a shell maximum de ection occurs along the free edges otherwise maximum de ection occur along the periphery of the cutout.
It is further noted from These ndings reinforce the fact that in composite shells, lamination angle plays a very important role along with the support condition to determine resultant sti ness. It is also evident that relative performance study of shells in terms of their de ections cannot be taken as the only basis of comparing their overall performance. A closed scrutiny of the results also reveals that, Group I shells exhibit maximum static stress resultants around the cutout but Group II and Group III shells show towards the free edges.
. . Relative performance of composite sti ened hypar shells with cutout for di erent lamination angles
In civil engineering applications among two shell forms the one which exhibits lower de ection is accepted as a better option from serviceability point of view. It is evident from Table 3 that, for a given number of boundary constraints, (+45/−45) antisymmetric laminate is the best choice. Also number of lamina plays an important role in static de ection consideration. In all the cases considered here, 10 layer antisymmetric laminates are convincingly better than four layer and two layer angle ply ones. It is interesting to note from Tables 4-15 , that for all the boundary conditions for any two laminations the one which performs better in terms of de ection is not better in terms of other static stress resultants. For static stress resultants like +Nx, −Nx, −Mx lower lamination angle and for +Ny, −Ny, −My higher lamination angle is better choices but for other shell actions however, such uni ed behavior is not found to hold good. Table 3 to Table 15 show that in general 10 layer laminates exhibit better performance compared to two and four layered ones in terms of static de ections and static stress resultants with a few exception where 4 layer laminates are better than 10 layer laminates.
Results of

. . Performances of Di erent Boundary Conditions with respect to di erent Shell Actions
Now an attempt is made in the present study of antisymmetric angle ply laminates to compare the relative performance of boundary conditions. For each shell action, the best two combinations of lamination and edge condition are selected from each of three groups of boundary conditions. Thus total six combinations are selected from three Groups. These have been furnished in Table 16 and Table 17 for positive and negative values of shell actions in ascending order of magnitude. For example, the CSCS/(30/−30) shell is the best choice for both positive and negative Nx while CSCS(75/−75) shell is the best choice for both positive and negative Ny. This rank wise arrangement of the shells in terms of lamination along with boundary condition corresponding to the di erent shell actions will help a design engineer to make a choice among a number of options when it is known that which shell action is critical for a particular situation. It is noteworthy to mention here that superiority of a particular shell combination expressed in terms of lamination and boundary conditions for one particular shell action cannot be used as the guideline of predicting the relative performances for other shell actions. Based on the results available in Tables 3-15 , it is possible to develop a relative performance matrix of the shells so as to help a design engineer to conclusively decide upon the selection among two di erent combinations of laminations and boundary conditions. The relative performance matrix of the shells may be developed in the following way. Among two choices of lamination and edge condition, the superior combination is assigned a value of 1 while the inferior combination is assigned 0 with respect to di erent shell actions. If two combinations show almost equal values of a particular shell action, the number 1 may be assigned to both of them. One such typical performance matrix is shown in Table 18 comparing CSCS/(15/−15) and CSCS/(45/−45) shells. A design engineer can now take a conclusive decision for choice between two shells applying appropriate weightage factors to the di erent shell actions if such relative performance matrix is made available.
Conclusions
Following conclusions can be drawn from the present study, 1. The close agreement between the results obtained by the present approach and those appearing in the published literature establishes the correctness of the formulation. 2. An increase in support restraints always reduces the de ection and static stress resultants near the boundary. 3. Among shells with two boundaries clamped and other two simply supported, the ones with adjacent boundaries clamped show lesser de ection for all the antisymmetric laminations considered here. 4. Among shells with two free boundaries, one with two adjacent boundaries free shows greater static de ection for all the antisymmetric laminations considered here. 5. Free boundaries bring in higher exibility in shells and in this respect whether the other boundaries are simply supported or clamped matters to a great extent. Also when a free boundary is introduced to a sti ened shell with cutout, maximum de ection and stress resultants always occur near the free boundary. 6. The superiority of a particular combination in terms of a shell action cannot predict the performance of the shell for other shell actions.
Notations a, b -length and width of shell in plan a′, b′ -length and width of cutout in plan bsx , bsy -width of x and y sti ener respectively c -rise of hypar shell {d} -global displacement vector d st -depth of sti ener dsx , dsy -depth of x and y sti ener respectively {de} -element displacement D -exural rigidity esx , esy -eccentricities of x and y sti eners with respect to mid surface of shell 
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